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LONG TIME DECAY FOR 3D-NSE IN GEVREY-SOBOLEV SPACES 


JAMEL BENAMEUR AND LOTFI JLALI 


Abstract. In this paper we prove, if it is a global solution to Navier-Stokes equations in the 
Sobolev-Gevrey spaces then ||u(t)||j:fi decays to zero as time goes to infinity. Fourier 

analysis is used. 
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1. Introduction 

The 3D incompressible Naviers-Stokes equations are given by: 

{ dtu — Au + u.Vu = — Vp in R+ x 

div u =0 in R+ x 

u(0,x) = u°(x) in R^, 

where, we suppose that the fluid viscosity u = 1, and u = u{t,x) = (iti, tt 2 , Ra) and p = p(t,x) 
denote respectively the unknown velocity and the unknown pressure of the fluid at the point 
(t, x) e R+ X R^, (u.Vu) := uidiu + U 2 d 2 UEusdau, and = (mi(x), u^ix), u^{x)) is a given initial 
velocity. If is quite regular, the divergence free condition determines the pressure p. 

We define the Sobolev-Gevrey spaces as follows; for a, s > 0 and ct > 1, 

= {/ G l2(R3); G H^(R^)}. 

It is equipped with the norm 
and its associated inner product 

There are several authors who have studied the behavior of the norm of the solution to infinity 
in the different Banach spaces. For example: 

Wiegner proved in [S] that the norm of the solutions vanishes for any square integrable initial 
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data, as times goes to infinity and gave a decay rate that seems to be optimal for a class of initial 
data. In [iiin] M.E.Schonber and M.Wiegner derived some asymptotic properties of the solution 
and its higher derivatives under additional assumptions on the initial data. In J.Benameur and 
R.Selmi proved that if u be a Leray solution of (2d — NSE) then limt_).oo ||u(t)||L 2 (R 2 ) =0. In [7] 
for the critical Sobolev spaces Hi I.Gallagher, D.Iftimie and F.Planchon proved that ||u(t)||^i 
goes to zero at infinity. In [2] J.Benameur proved if u G C([0, cxd), be a global solution 

to 3D Navier-Stokes equation, then ||u(t)||;f-i decay to zero as times goes to infinity. 

We state our main result. 

Theorem 1 . 1 . Let a > 0 and a > 1. Let u G C([0, oo), ® global solution to {NSE) 

system. Then 

(1.1) limsup ||M(t)||//i ^ = 0. 

t —¥00 ’ 

Remark 1.2. The existence of local solutions to (NSE) was studied in a recent paper [4]. 

The paper is organized in the following way: In section 2, we give some notations and important 
preliminary results. The section 3 is devoted to prove that, if u G C(]R+, is a global solution 

to (NSE), then ||u(t)||//i decays to zero as time goes to infinity. This proof uses the fact that 

(1.2) lim ||M(t)|| . 1 = 0 

t—^oc ri 2 

and the energy estimate 

(1.3) IKi)lli^+ ri|Vu(r)||i.dr<||u°||i.. 

Jo 

In section 4, we generalize the results of Foias-Temam( see [B]) to . In section 5, we prove the 
main theorem. This proof is based on the obtained results in sections 3 and 4. 

2. Notations and preliminaries results 

2.1. Notations. In this section, we collect some notations and definitions that will be used later. 

• The Fourier transformation is normalized as 

•^(/)(6 = /(?)= / exp{-ix.^)f{x)dx, ^ = (Ci, 6 , 6 ) e 

• The inverse Fourier formula is 

= (27r)“^ [ exp{i^.x)g{^)d^, x = {xi,X 2 ,X 3 ) G 
dR3 

• For s G R, id®(R^) denotes the usual non-homogeneous Sobolev space on R^ and denotes 

the usual scalar product on id'*(R^). 

• For s G R, id®(R^) denotes the usual homogeneous Sobolev space on R^ and denotes the 

usual scalar product on id®(R^). 

• The convolution product of a suitable pair of functions / and g on R^ is given by 

{f*g){x):= f{y)g{x-y)dy. 

Jr3 

• If / = (/i, / 2 , /s) and g = { 91 , 92 , 93 ) are two vector fields, we set 

f ®9-= {9if,92f,93f), 

and 

div (/ (g) g) := (div {gif), div ( 32 /), div {gsf))- 
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2.2. Preliminary results. 

Lemma 2.1. (See m) Let {s,t) G such that s < | and s + t > 0. Then, there exists a constant 
C > 0, such that 

+ - ^(II^IIh'>(R 3) ll^llLr‘(R3) + ll“llii-‘(R3)lkllij-«(R3))- 

If s < ^, t < ^ and s +1 > 0, then there exists a constant C > 0, such that 

(JJ3) - C'll“llff'>(R3)lklliL‘(R3)- 


Lemma 2.2. Let f G n where si < | < S 2 - Then, there is a constant c = 

c(si, S 2 ) such that 


Proof. We have 


L°°(R3) ^ II/IIL3(R3) Y C||/ 11 ^^^ II J 11 ^^^ . 


< ell 


|l°° < 


We take 


< \fmd^ 

< [ mm+f \m\df. 

J|C|<A J|C|>A 


h = 


J\i\<\ l^h 

Using the Cauchy-Schwarz inequality, we obtain 




h < 


'|C|<A 






liL'=i(R3) 


< 


f^2si —2 


dr 




< CsjA^ 


iffoir 


Similarly, take 


we have 


h = 


'|?I>A 1^1"" 




^2 £ 


'l^l>A 




df 


Iff '>2 


Therefore, 


< 


rdr 


/A 


Iff “2 


Iff '>2 • 


Loo < 


with A = Cs,\\f\\H^, and B = CsJfWjj.^- 
Posing 


V5(A) = AA^-*i +B\i-‘^T 
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Then, ip'{X) = 0 O A = c(si, S 2 ) (§)' 
So, 


< B =2-«i . 


□ 


Remark 2.3. In particular, for si = 1 and S 2 = 2, where / G fl we get 

3. Long time decay of {NSE) system in 

In this section, we want to prove: If u G C(M+, is a global solution to {NSE) system, 

then 


(3.1) 

This proof is done in two steps. 


limsup ||u(f)||//i = 0. 

t—^OO 


• Step 1: In this step, we shall prove that 


(3.2) 

We have 


limsup ||u(f) 11^1 = 0. 

t—^OO 




From (HU, let to > 0 such that ||M(to)|| • 1 < ^. Then 

H 2 

Integrating with respect to time, we obtain 

hWf- + ^ Mto)\\l., Vt >to. 

J to 

Let s > 0 and c = Cs- There exists Tq = ro(s, 1 ^, u°) > 0, such that 


Then 

Now, for s > 0 we have 


Then 

Thus 

So, for To < t' < t, 

In particular, for s = 1 


I"(r„)lls4 < 5-. 


||u(t)||^i < C 4 ,, Vt > to. 


+ ||m||^.+i < ||u® u||^,||u||^.+i 




1 d 


1 , 


, < 0, Vt > To. 




Ht)\\%, + ||u(T)||^, + iCtT < ||u(t' 


'M|2 
H^' 


l|M(t)||^i + ||u(T)||^,dr < ||u(t')||^i. 
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Then {t — >• ||M(t)||^i) is decreasing on [To,cxd) and u G L^([0, cx)), i/^(]R^)). 

Now, let e > 0 small enough. The L^-energy estimate 

114^)111^+2 r ||Vu(r)||i.dr < ||u(ro)||i., Vt > To 

Jtq 

implies that u G L^([To, cxd), and there is a time > Tg such that 

\Hte)\\Hi < S. 

As {t —||u(t)||^i) is decreasing on [To,oo), then 

I4(t)|liji < e, Vt > tg. 

Therefore (liO) is proved. □ 

• Step 2: In this step, we prove that 


(3.3) limsup ||u(t) 11^2 = 0. 

t—¥oo 

This proof is inspired by [3] and [5]. For J > 0 and a given distribution /, we define the operators 
As{D) and Bs{D), as following: 

As{D)f = .F-1(1{|4|<5}.+(/)), Bs{D)f = .F-1(1{|4|>5}.+(/)). 

It is clear that when applying As{D) (respectively, Bs{D)) to any distribution, we are dealing with 
its low-frequency part (respectively, high- frequency part). 

Let u be a solution to {NSE). Denote by cos and vs, respectively, the low-frequency part and 
the high-frequency part of u and so on ujs^ and vs^ for the initial data Applying the pseudo¬ 
differential operators As{D) to the {NSE), we get 


Taking the V" 


dtOJs — vAujs -I- As{D)¥{u.yu) = 0. 
inner product, we obtain 
1 d 


2 dt 


\u:s{t)\\i. + \\NMt)\\i. < 


Lemma 12.11 yields 
1 d 




'lli^ 

< 

\{As{D)F{u.Vu)/ojs{t))Y 


< 

(A 5 (D)(div {u (g) u)/u!s{t))L 2 


< 

\{As{D){u (g) u))/VuJs{t))L^ 1 


< 

(u g) ■u/Va;5(t))L2 


< 

||u(g)u||L2||Va;5(t)||L2 


< 

\\u<Au\\L2\\VuJs{t)\\L2. 

C\\u 

■WII 

^i||Vu(t)|U2||Vw^(t)|U2 


< CM\\Vu{t)\\L 2 \\NuJs{t)\\L 2 (M = sup||M(t)||^i). 


t >0 


Integrating with respect to time, we obtain 

\M)\\h < \\ujsYl^+CM f \\Vu{T)h4^u;s{T)YdT. 

JO 

Hence, we have ||a; 5 (t )|||2 < Ms for all t > 0, where 

pOO 

Ms = \\Y\\l2+CM / \\Vu{T)\\L2\\Vujs{T)\\L^dT. 

Jo 

On the one hand, it is clear that lim^^o I45°||^2 (r 3) = 0. On the other hand, the Lebesgue- 
Dominated Convergence Theorem implies that 


(3.4) 


lim / ||Vu(T)||i 2 ||Va; 5 (T)||i 2 dT = 0. 
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Hence lim^^o Ms = 0, and thus 


(3.5) lim sup ||w 5 (t)||i 2 = 0. 

■5^0 t>o 

At this point, we note that it makes sense to take time equal to oo in the integral (13.41) . In fact, 
by definition of lus we have ||Va; 5||^2 < llVull L2 ■ 

It is clear that, lim 5 _,.o ||Va; 5 (t)|| 2,2 = 0 almost everywhere. So, the integrand sequence 

||Vu(t)|U2||Vo;^(t)|U2 

converges point-wise to zero. Moreover, using the above computations and (IE3, we obtain 

\\S/u{t)\\i^4Vu;s{t)h^ < ||Vu(t)||i. G L\R+). 

Thus, the integral sequence is dominated by an integrable function. Then the limiting function is 
integrable and one can take the time T = oo in dH. 

Now, let us investigate the high-frequency part. To do so, one applies the pseudo-differential 
operators Bs{D) to the (NSE) to get 

dtvs — Avs + Bs{D)F{u.Vu) = 0. 


Taking the Fourier transform with respect to the space variable, we obtain 

+ < 2|.F(i?5(D)P(u.Vu))(t,e)||D5(t,e)| 

< 2|.A(u®u)(t,e)|.|Vr;5(t,0|. 

Multiplying the obtained equation by exp(2i/|^p) and integrating with respect to time, we get 

-f 2 f e~'^‘^*~^'>^^^^\T{u(S)u){T,^)\.\Vvs{T,^)\dT. 

Jo 

Since |^| > 5, we have 

Integrating with respect to the frequency variable ^ and using Cauchy-Schwartz inequality, we 
obtain 

11 ^^ 5(^)1112 <e~‘^^^‘'\\v5o\\l2-\-2 [ e~^^^~'^'’^^\\u^u\\L2\\Vv5\\L^dT. 

Jo 

By the definition of vs, we have 


\vsmh<e-^^^^\\u°\\h+2 


= -2(t-r)5= 


\u <S> u\\l 2 II Vu||i 2 (ir. 


Lemma o and inequality yield 


lk5WllL2(R3) < e- 


< ||u°||i2 + 


II^'^IIz, 2(R3) + C e ||u||^i ||Vu||| 2 fir. 

CM f e"^(‘"^)‘^"||Vu||| 2 dr, (M = sup ||u|| . i). 
Jo t>0 ^ 


Hence, ||w 5 (t )||^2 < Ns{t), where 


pOO 

Ns{t) = e-^^^''\\u^\\l2+CM / e-2(*-N-5=^||Vu||2,dr. 

Jo 


Using Young inequality and inequality (11.311 . we get Ns G L^(R+) and 


Ns(t)dt < 


7/0||2 
^ IIl3 

2(52 


CMII-Oii^ 


L2 


4d2 
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So t \\vs{t)\\l 2 is continuous and belongs to L^{ 

Now, let e > 0. At first, i 13.51) implies that there exist some do > 0 such that 

||w 5 o(t)||L 2 < e/2, Vt > 0. 

Let us consider the set defined by R^g := {t > 0, ||L'5(t)||L2(R3) > e/2}. If we denote by Ai(R 5 g) 
the Lebesgue measure of R^g, we have 

/ lk5oWlli2(R3)di > / ||r;5(t)||i2(R3)dt > (e/2)2Ai(R5g). 

•^0 

By doing this, we can deduce that Ai(R 5 g) = T/g < oo, and there exists > Tfo such that 

WvsMoWl^ < 

So, ||M(t^o)||L 2 < e and from (11.311 we have 

\\u{t)\\L'^ <£, vt > t^o- 

This completes the proof of (13.31) . □ 

4. Generalization of Foias-Temam result in 


In [B] Fioas and Teamam proved an analytic property for the Navier-Stokes equations on the 
torus = 'E?/I?. Here, we give a similar result on whole space . 

Theorem 4.1. IFe assume that G Then, there exists a time T that depends only on 

the ||u°||^i('R 3 ), sueh that: 

{NSE) possesses on (0,T) a unique regular solution u sueh that {t —>■ is continuous 

from [0,T] into H^(E^)). Moreover if u G C(K.''", iL^(K.^)) is a global solution to {NSE) system, 
then there are M > 0 and to > 0 sueh that 

l|e*“'^'w(t)||/fi(B3) <M, Vt > to- 

Before proving this theorem, we need the following lemmas 

Lemma 4.2. Let 1e^^^^u G H'^{E^), where \D\ = {A)i. Then 

||e‘l^lM.Vi;||L2(R3) < ||e‘l^lu|||i(jj3)||e‘l^lM|||2(R3)||e*l^lA^u||L2(R3). 

Proof. We have 




„2i|ei| 


R3 


< 


< 


< 


< 


f (^ / |u(^-77)||Vu(?7|dr?^ d^ 

JR3 \JR3 / 


e*^^^\u{( — r])\\\ 7 v{r]\dr] \ df, 


R3 \JR3 


f (f (e‘l«-''l|u(e-i7)|) ( 

JR3 VJR3 ^ ^ 


e‘l5 ''I|m(^- 77)|) (e*l’'l|r?||u(??)|) dr? ) d^ 




Hence, for / = and (si = 1; S 2 = 2), lemmagives the desired result. 


Lemma 4.3. Let t i-a € iL^(IR.^). Then 


(u.'Vv)/e*^^^w) 


< 




p*l-D| a2^||j^ 2 Aui|| 


L2- 
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Proof. 
We have 


{u.Vv/w)h^ = ^ {dj{u.Vv)/djw)L2 
lil=i 

= — ^ (u.yv/d‘jw)L2 

b'l=i 

= — {u.Vv/Aw)l2. 
Iil=i 


Then 


< ||e‘l^lu.Vu|li2||e‘l^lAw||2,2 
Finally, using lemma we obtain the desired result. 


Proof of theorem \4.1\ We have 

(4.1) dtu — Au + u.S/u =—S/p. 

Applying the fourier transform to the last equation and multiplying by u, we have 

(4.2) dtu.u + \^f\u\'^ = —{u.S/u).u. 

Again, the fourier (bar) of 1)4.II) multiplied by u gives 

(4.3) dtu.u + \^\‘^\u\‘^ = —{u.S/u).u. 

Hence, the sum of (14.211 and (14.3|) yields 

dt\u\'^ + 2|^p|up = —2Re{{u.S/u).u). 


This implies 

dt\u\^il + + 2(1 + = -2Reii^u).u)il + |a")e2‘l«l. 


Then 

[ (l+|^ne2‘l«lat|w(C)pdC+2 / = f {{ff:^u).u){l+\ey*'^'dt 

JR3 JR3 

Thus 

+ 2||e*l-°IVM||^i(R3) = -21?e(e‘l'°l(w.Vw)/e‘l'°lu)//i. 

At time t, we have 

(4.4) (e'^l^lu'(r)/e'^l^lu(r))H-i + 2||e'^l‘°l Vm||^i = —2i?e(e'^l^l(u.Vu)/e‘l‘°lw)/fi. 

Therefore 

{e*'^^^u'{t)/e*^^^u(t))Hi = {{e*^^^u(t)y — \D\e*^^^u(t)/e*^^^u{t)) 

Using the Young inequality, we obtain 

(4.5) - 2||e‘l^ln||l,. - i||e*l^l«f^2 < 2{e^^^^u'{t)/e^^^^u{t)). 
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Hence, using the lemma H751 and Young inequality the right hand of (I4.4p satisfies 


— 2Re{e^^^^uVu/ 

< 


i||e^ 

■|^lu|||,||e"l^l|D|ir|U2||e"l^lAw|U. 


< 

2||e-l^l«|||,||e^ 

■'"'-III. 


< 



where ci is a positive constant. 





Then (14.41) yields 





(4.6) (e‘l^lu'(t)/e*l'°lu(t))iji + 

2||, 


< 


Hence, using (14.511 and (15.1|). we get 





|||e*l^lri||^.+2||e’ 

;|D| 

<1 

lA 

4||d 

‘'"'-Ilffi +ci||e*l^lw||f^i 



< 

C2 4 

- 2ci||e‘l^lM||f^i, 


where also C 2 is a positive constant. 
Finally, we obtain 


where 

Then 

Let 


y'{t) < Kiy^{t), 

y(t) = 1 + and iFi= 2 ci+C 2 . 


y{t)<y{0) + Ki f y^{s)ds. 
Jo 


Ti = 


KivHO) 

and o < T < T* such that T = sup{t G [0,T*)| supq<^<j j/(s) < 21/(0)}. Hence for 0 < f < 
min(Ti,T), we have 

yit) < y{{))+Ki [ y^{s)ds 

Jo 

< yiO)+Ki [ 8y^{0)ds 

< (l + iFi8Tiy2(0))y(0). 

Taking 1 + iFi8Tiy^(0) < 2, we get T > Ti. Then 

2/(t) < 2j/(0), VfG [0,ri]. 

Therefore t i-A Vt G [0,Ti]. 

In particular 

<2 + 2||wo||?^i. 

Now, if we know that 


|u(t)||//i < Ml Vt > 0. 


Defining the system 


dtw — Aw + w.Vw = — Vp 2 in x 

divw = 0inR+xR3, 

w{0) = u{b) in R^, 
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where w{t) = u{T + t). 

Using a similar technic, we can prove that there exists T 2 = -^(1 + such that 

y{t) = 1 + < 2(1 + Mf), Vt G [0,T2]. 

This implies that 1 + + t)||^i < 2(1 + M^). Hence, for t = T 2 we have 

\\e^^\D\u{T + T2)\\jji <2(1 + Mf). 

Since t = T + T 2 > T 2 , VT > 0, we obtain 

l|e^^'^'w(i)||ffi < 2(1 + Mf), Vt > T 2 . 

Then 

<2(1 + Mf), Vt >r2, 

where 

T 2 =T2 (Mi) = J-(l + Mf)-2. 

□ 


5. Proof of main result 

In this section, we prove the main theorem ll.il This proof uses the result of sections 3 and 4. 
Let u G CiR+,HlJR^)). As -a then u G C(K+, iJi(R3)). 

Applying the theorem 14.11 there exist to > and a > 0 such that 

(5.1) ||e“l-°lu(f)||//i < Co = 2 + M^, Vt > fo, 


where a = ip{to) and to = -^{1 + Mf) 

Therefore, let a > 0, /3 > 0. It shows that there exists C 3 > 0 such that 

ax~ < C 3 + I3x, \/x > 0. 

Indeed; ^ = p 9 “ Using the Young inequality, we obtain 


ax'^ = 

< 


< 

< 


— 1 1 1 

aP~ {P~x'^) 

q p 


Px 
C3 + — 
a 

C 3 + f3x, 


where C 3 = . 

Take P = ^, using (15.111 and the Cauchy Schwarz inequality, we have 


= y'(l + |Cne2'=^e“lfl|u(f,0Pde 

< c||u|||^i. 


(/(i + l?lV“'^'RCOPdc) 


1 

2 
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where c = . 

Using (EH), we get 

limsup ' u{t)\\Hi =0. 

t—¥00 

□ 
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